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Chapter 1

Introduction to Probability Theory

1.1 The Binomial Asset Pricing Model

The binomial asset pricing modgirovides a powerful tool to understand arbitrage pricing theory
and probability theory. In this course, we shall use it for both these purposes.

In the binomial asset pricing model, we model stock prices in discrete time, assuming that at each
step, the stock price will change to one of two possible values. Let us begin with an initial positive
stock priceS,. There are two positive numbersandu, with

0<d<u, (1.2)

such that at the next period, the stock price will be eith®y or v.S,. Typically, we taked andu

to satisfy0 < d < 1 < wu, so change of the stock price froffy to d.S, represents @ownward
movement, and change of the stock price frémto «.S, represents anpwardmovement. It is
common to also havé = 1, and this will be the case in many of our examples. However, strictly
speaking, for what we are about to do we need to assume only (1.1) and (1.2) below.

Of course, stock price movements are much more complicated than indicated by the binomial asset
pricing model. We consider this simple model for three reasons. First of all, within this model the
concept of arbitrage pricing and its relation to risk-neutral pricing is clearly illuminated. Secondly,
the model is used in practice because with a sufficient number of steps, it provides a good, compu-
tationally tractable approximation to continuous-time models. Thirdly, within the binomial model
we can develop the theory of conditional expectations and martingales which lies at the heart of
continuous-time models.

With this third motivation in mind, we develop notation for the binomial model which is a bit
different from that normally found in practice. Let us imagine that we are tossing a coin, and when
we get a “Head,” the stock price moves up, but when we get a “Tail,” the price moves down. We
denote the price at timeby S, (H) = w.S, if the toss results in head (H), and By(7') = d.S; if it

11
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/ S,(HH) = 16
=8

\ S(HT) =4
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Figure 1.1:Binomial tree of stock prices withy = 4, u = 1/d = 2.

results in tail (T). After the second toss, the price will be one of:

SQ(HH) = uSl(H) = UQSO7 SQ(HT) = dSl(H) = duS(),

52 (TH) = u51 (T) = udS(), 52 (TT) = dSl (T) = dQSo.

After three tosses, there are eight possible coin sequences, although not all of them resultin different
stock prices at tima.

For the moment, let us assume that the third toss is the last one and denote by
Q={HHH,HHT,HTH, HTT,THH,THT,TTH,TTT}

the set of all possible outcomes of the three tosses. The@ sétall possible outcomes of a ran-
dom experiment is called treample spacéor the experiment, and the element®f 2 are called
sample pointsin this case, each sample poinis a sequence of length three. We denotektltle
component oo by w;. For example, whew = HT H,we havev; = H,ws, = T andws = H.

The stock prices;, at timek depends on the coin tosses. To emphasize this, we oftenSyiite .
Actually, this notation does not quite tell the whole story, for wtiledepends on all of, .S,
depends on only the first two components.0fS; depends on only the first componentafand
Sy does not depend anat all. Sometimes we will use notation susf{w; , ws) justto record more
explicitly how S; depends o = (wy, wz,ws).

Example 1.1 SetS; = 4, w = 2 andd = 3. We have then the binomial “tree” of possible stock
prices shown in Fig. 1.1. Each sample paint (wq,ws,ws) represents a path through the tree.
Thus, we can think of the sample sp&eeas either the set of all possible outcomes from three coin
tosses or as the set of all possible paths through the tree.

To complete our binomial asset pricing model, we introducecmey marketvith interest rater;
$1 invested in the money market becorfi¢s + r) in the next period. We taketo be the interest
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rate for bothborrowingandlending (This is not as ridiculous as it first seems, because in a many
applications of the model, an agent is either borrowing or lending (not both) and knows in advance
which she will be doing; in such an application, she should tatebe the rate of interest for her
activity.) We assume that

d<1l+4r<u. (1.2)

The model would not make sense if we did not have this condition. For example,if> «, then

the rate of return on the money market is always at least as great as and sometimes greater than the
return on the stock, and no one would invest in the stock. The inequality + r cannot happen

unless either is negative (which never happens, except maybe once upon a time in Switzerland) or

d > 1. In the latter case, the stock does not really go “down” if we get a tail; it just goes up less
than if we had gotten a head. One should borrow money at interest eaie invest in the stock,

since even in the worst case, the stock price rises at least as fast as the debt used to buy it.

With the stock as the underlying asset, let us consideumpean call optiorwith strike price
K > 0 and expiration timéd. This option confers the right to buy the stock at tiimir i dollars,
and so is worttpb; — K attimel if S; — K is positive and is otherwise worth zero. We denote by

Vi(w) = (S1(w) — K)T 2 max{S;(w) - K,0}

the value (payoff) of this option at expiration. Of cour$g(w) actually depends only ap,, and
we can and do sometimes writg(w, ) rather thari/; (w). Our first task is to compute tlabitrage
price of this option at time zero.

Suppose at time zero you sell the call #dy dollars, wherd/ is still to be determined. You now
have an obligation to pay offuSy — K)* if w; = H and to pay off(dSy — K)T if w; = T. At

the time you sell the option, you don't yet know which valuewill take. You hedgeyour short
position in the option by buying\, shares of stock, wherg, is still to be determined. You can use

the proceed¥, of the sale of the option for this purpose, and then borrow if necessary at interest
rater to complete the purchase. ¥, is more than necessary to buy thg shares of stock, you
invest the residual money at interest ratén either case, you will havi, — Aq.Sy dollars invested

in the money market, where this quantity might be negative. You will alsoAwshares of stock.

If the stock goes up, the value of your portfolio (excluding the short position in the option) is
AoSi(H) + (1+7)(Vo — AoSo),
and you need to haveé, (H). Thus, you want to choodg andA, so that
Vi(H) = AoS1(H) + (1+7)(Vo — ApSo). (1.3)
If the stock goes down, the value of your portfolio is
AgS1(T) + (14 7r) (Vo — AoSo),
and you need to havié, (7). Thus, you want to choodg andA to also have

Vl(T) = A()Sl (T) + (1 + T‘) (Vo - Aoso). (14)
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These are two equations in two unknowns, and we solve them below
Subtracting (1.4) from (1.3), we obtain

Vi(H) = Vi(T) = Ao(S1(H) — 51(1)), (1.5)

so that

Vi(H) - Va(T)

Bo = Sy(H) = S1(T)°

(1.6)

This is a discrete-time version of the famous “delta-hedging” formula for derivative securities, ac-
cording to which the number of shares of an underlying asset a hedge should hold is the derivative
(in the sense of calculus) of the value of the derivative security with respect to the price of the
underlying asset. This formula is so pervasive the when a practitioner says “delta”, she means the
derivative (in the sense of calculus) just described. Note, however, thdefinjtionof A, is the
number of shares of stock one holds at time zero, and (1.6) is a consequence of this definition, not
the definition of A, itself. Depending on how uncertainty enters the model, there can be cases
in which the number of shares of stock a hedge should hold is not the (calculus) derivative of the
derivative security with respect to the price of the underlying asset.

To complete the solution of (1.3) and (1.4), we substitute (1.6) into either (1.3) or (1.4) and solve
for V. After some simplification, this leads to the formula

1 [14+r—-d w—(1+7r)

Vozl—l—r uw—d Vi(H) + uw—d

Vi(T)|. .7

This is thearbitrage pricefor the European call option with payoff; at time1. To simplify this
formula, we define

A l4+r—d Au—(14+r B
pé77 qéﬁzl—lx (18)
uw—d uw—d
so that (1.7) becomes
1 . -

Because we have takeh< u, bothp andg are defined,i.e., the denominator in (1.8) is not zero.
Because of (1.2), bothhandq are in the interva(0, 1), and because they sum tpwe can regard

them as probabilities off andT’, respectively. They are thésk-neutralprobabilites. They ap-
peared when we solved the two equations (1.3) and (1.4), and have nothing to do with the actual
probabilities of getting? or T on the coin tosses. In fact, at this point, they are nothing more than

a convenient tool for writing (1.7) as (1.9).

We now consider a European call which pays Effdollars at time2. At expiration, the payoff of

this option isV, E (S2 — K)*, whereV, and.S; depend onv; andws, the first and second coin

tosses. We want to determine the arbitrage price for this option at time zero. Suppose an agent sells
the option at time zero fo¥;, dollars, wheré/, is still to be determined. She then buig shares
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of stock, investing’, — AgSy dollars in the money market to finance this. At tifnghe agent has
a portfolio (excluding the short position in the option) valued at

X1 é A()Sl + (1 + T‘) (VO - Aoso). (110)

Although we do not indicate it in the notatiof; and thereforeX; depend onvy, the outcome of
the first coin toss. Thus, there are really two equations implicit in (1.10):

12

X1(H)
X4(T)

AgSy (H) + (1 + T‘) (VO - A050)7
AoS1(T) + (14 ) (Vo — AoSo).

12

After the first coin toss, the agent has dollars and can readjust her hedge. Suppose she decides to
now holdA; shares of stock, wher&, is allowed to depend og;, because the agent knows what
valuew; has taken. She invests the remainder of her wealth,- A5, in the money market. In

the next period, her wealth will be given by the right-hand side of the following equation, and she
wants it to bel’;. Therefore, she wants to have

V2 IA152—|—(1—|—T‘)(X1 —Alsl). (111)

Although we do not indicate it in the notatiofi; andV; depend oy, andw,, the outcomes of the
first two coin tosses. Considering all four possible outcomes, we can write (1.11) as four equations:

Vo(HH) = A((H)S:(HH)+ (14 r)(Xa(H) — A (H)S1(H)),
Vo (HT) AL(H)S:(HT) + (1 +r)(Xa(H) — A (H)S1(H)),
Vo(TH) A (TYS2(TH) + (14 r) (X1 (T) — A(T)51(T)),
Vo(TT) = A(T)S2(TT) + (14 r)(Xo(T) = AL (T)S1(T)).

We now have six equations, the two represented by (1.10) and the four represented by (1.11), in the
six unknownsy, Ag, Ay (H), Ay (T), X1 (H),and X (7).

To solve these equations, and thereby determine the arbitragé/pt¢ime zero of the option and
the hedging portfolid\g, Ay (H ) andA, (1), we begin with the last two

Vo(TH) = A(T)S:(TH) + (1+ r)(Xi(T) — A(T)5:(T)),
Vo(TT) = A(T)So(TT) 4+ (1 4+ r)(Xo(T) = A (T)S1(T)).

Subtracting one of these from the other and solvingXe(7’), we obtain the “delta-hedging for-
mula”

A(T) = (1.12)

and substituting this into either equation, we can solve for

X (T) = H%@VQ(TH) +qVa(TTY]. (1.13)
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Equation (1.13), gives the value the hedging portfolio should have atltifinéne stock goes down
between time$ and1. We define this quantity to be tlabitrage value of the option at timeif
wy = T', and we denote it by, (7). We have just shown that

.. .
Vi(T) 2 T VAT H) + V(1)) (1.14)
The hedger should choose her portfolio so that her wesltfi’) if wy = 7" agrees withV; (7')
defined by (1.14). This formula is analgous to formula (1.9), but postponed by one step. The first
two equations implicitin (1.11) lead in a similar way to the formulas

Ay (H) = (1.15)
and X, (H) = Vi(H), whereV;(H ) is the value of the option at timeif w;y = H, defined by
1 ~
Vi(H) £ T PV H) + GVa(HT)) (1.16)

This is again analgous to formula (1.9), postponed by one step. Finally, we plug the ¥alué$ =

Vi(H) and X (T) = V4 (T') into the two equations implicit in (1.10). The solution of these equa-
tions for Ay andVj is the same as the solution of (1.3) and (1.4), and results again in (1.6) and
(1.9).

The pattern emerging here persists, regardless of the number of perid@sidhotes the value at

time k£ of a derivative security, and this depends on the firsbin tossesy, . . ., wg, then at time
k — 1, after the firstt — 1 tossesvy, ...,wi_1 are known, the portfolio to hedge a short position
should holdA,_; (w1, .. .,wk—1) shares of stock, where

Vk(wh .. .7Wk_17H) — Vk(wh .. .7Wk_17T)
Sk(wiy . ywp—1, H) = Sp(wr, .., wp—1, 1)

Ak_l(wh...,bdk_l) = (117)

and the value at timgé — 1 of the derivative security, when the firkt— 1 coin tosses result in the
outcomesvy, . .., wkr_1, iS given by

1 N N
Vici(wiy ooy wp—1) = m[PVk(le coowhot, H) + GVi(wnr, ooy wir, 1))
(1.18)

1.2 Finite Probability Spaces

Let 2 be a set with finitely many elements. An example to keep in mind is
Q={HHH,HHT,HTH, HTT,THH,THT,TTH,TTT} (2.1)

of all possible outcomes of three coin tosses. Edie the set of all subsets &f Some sets iF
are(), {HHH,HHT,HTH, HTT},{TTT}, andQ itself. How many sets are there j#?
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Definition 1.1 A probability measureP is a function mappingF into [0, 1] with the following
properties:

() P(Q) =1,

(i) If Ay, Ao, ... is asequence of disjoint sets/ then
P (U Ak) = P(Ay).
k=1 k=1

Probability measures have the following interpretation. Kdie a subset af. Imagine thaf? is

the set of all possible outcomes of some random experiment. There is a certain probability, between
0 and 1, that when that experiment is performed, the outcome will lie in thedseWWe think of

IP(A) as this probability.

Example 1.2 Suppose a coin has probabilifyfor # and 2 for 7. For the individual elements of
Q2in (2.1), define

P{HHH} = (%)3, P{HHT} = (%)2 (3)
Py = (3 (3). Py = (3)(3)
pernmy = () (). prnmy= () (3)°)
P{rTHY = (1) (2), PTTTY = (2)°
For A € F, we define
P(A) = > IP{w}. (2.2)
wEA

For example,

P{HHH,HHT,HTH,HTT} = (%)3 +2 (%)2 (;) - (%) (;)2 = %

which is another way of saying that the probabilityéfon the first toss i%.

As in the above example, it is generally the case that we specify a probability measure on only some
of the subsets dR and then use property (ii) of Definition 1.1 to determiftéA) for the remaining

setsA € F. In the above example, we specified the probability measure only for the sets containing
a single element, and then used Definition 1.1(ii) in the form (2.2) (see Problem 1.4(ii)) to determine
IP for all the other sets itF.

Definition 1.2 Let 2 be a nonempty set. &-algebra is a collectiog of subsets of? with the
following three properties:

(i) 0 eg,
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(i) If A € G, then its complement© € ¢,

(i) If Ay, Ay, As, ... isasequence of setséh thenus? | A is also inG.

Here are some importantalgebras of subsets of the $&in Example 1.2:

Fo = {®79}7

T o= {@7 Q{HHH HHT,HTH,HTT},{THH, THT,TTH, TTT}},
Fy = {(Z), Q{HHH HHTY},{HTH, HTT}, {THH,THT},{TTH,TTT},

and all sets which can be built by taking unions of t)}ase
F3 = JF = The set of all subsets 6i.

To simplify notation a bit, let us define

Ap 2 {HHH, HHT, HTH, HTT} = {H on the first tosh
Ar 2 {THH, THT,TTH, TTT} = {T on the first tosh
so that
‘7:1 = {®7 Qv AH7 AT}7

and let us define

Apn 2 {HHH,HHT} = {H H on the first two tossés
Apr 2 {HTH,HTT}={HT on the first two tossés
Arp 2 {THH,THT} = {TH on the first two tossés
App 2 {T'TH,TTT} = {TT on the first two tosses

so that

Fo = {0, Apn, Aur, Are, Arr,
A, AT, Arr U At A U Arr, Aar U Are, At U AT,

c c c c
AHH7 AHT7 ATH7 ATT}‘

We interpretr-algebras as a record of information. Suppose the coin is tossed three times, and you
are not told the outcome, but you are told, for every setimwhether or not the outcome is in that

set. For example, you would be told that the outcome is nétand is in2. Moreover, you might

be told that the outcome is not iy butis in A7. In effect, you have been told that the first toss
was al’, and nothing more. The-algebraF; is said to contain the “information of the first toss”,
which is usually called the “information up to timé&. Similarly, F; contains the “information of





